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Abstract
We investigate the inflationary expansion of the universe induced by higher curvature
corrections in M-theory. The inflationary evolution of the geometry is discussed in ref. [1],
thus we succeed to analyse metric perturbations around the background. Especially we
focus on scalar perturbations and analyse linearized equations of motion for the scalar
perturbations. By solving these equations explicitly, we evaluate the power spectrum of
the curvature perturbation. Scalar spectrum index is estimated under some assumption,
and we show that it becomes close to 1.
1 Introduction
Recent remarkable progress on astrophysical observations enables us to reveal the evolution
of our universe[2, 3, 4]. Particularly these results support the inflationary scenario, in which
the universe exponentially expands before the Big Bang[5, 6, 7, 8]. There are a lot of models
in which the inflation is caused by introducing a scalar field named inflaton field. The inflaton
field slowly rolls down its potential and the vacuum geometry becomes de-Sitter like[9]-[13]
(see also [14]-[18] and references there). Among a lot of inflationary models, superstring
theory is a good candidate for the inflation scenario since it possesses many scalar fields
after the compactification. Positions of D-branes are also described by scalar fields, and it is
possible to identify one of these with the inflation field[19]-[24] (see also [25] and references
there).
Besides the inflaton field, there are a lot of models in which the inflation is realized by
modifying the gravity theory[5, 26, 27, 28, 29, 30]. Especially, the predictions of the Starobin-
sky model[5], which contains curvature squared term in the action, are good agreement with
the observations. In fact, it predicts scalar spectral index ns = 0.967 and tensor to scalar
ratio r = 0.003 when the number of e-folds is 60. Since the curvature squared term in the
Starobinsky model is considered as the quantum effect of the gravity, it is natural to ask
the origin of the quantum effect in more fundamental theory, such as the superstring theory
or M-theory. Actually heterotic superstring theory contains Gauss-Bonnet term, and type
II superstring theories or M-theory contain quartic terms of the Riemann tensor[31]-[36].
As examples, a study of the inflationary solutions in the heterotic superstring theory was
done in ref. [37], and studies of the inflationary solutions in the M-theory were executed in
refs. [38, 39, 40, 41, 1].
In ref. [1], we investigated the effect of leading curvature corrections in M-theory with
respect to the homogeneous and isotropic geometry. These higher curvature corrections are
very important to evade no-go theorem for the existence of the de-Sitter like vacua in the
string theory[42]-[45]. Actually we found that such corrections induce exponentially rapid
expansion at early universe. Furthermore the inflation naturally ends when the corrections
are negligible compared to leading supergravity part. Since the higher derivative corrections
are universal in the superstring theory or the M-theory, the above is a promising scenario
to explain the origin of the inflation. Therefore it is important to evaluate scalar spectral
index and tensor to scalar ratio in the presence of the higher curvature corrections. In this
paper we propose a method to evaluate the scalar spectral index ns in the presence of higher
derivative corrections. And we show that ns is close to 1, if the power spectrum is constant
at the beginning of the universe.
The organization of this paper is as follows. In section 2, we briefly review the inflation-
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ary scenario discussed in ref. [1]. In section 3, first we consider perturbations around the
background metric, and examine their infinitesimal variations under the general coordinate
transformation. Next we derive linearized equations of motion for the perturbations. Then
we concentrate on the scalar perturbations and reduce their equations of motion by removing
auxiliary fields. In section 4, we derive the second order effective action with respect to the
scalar perturbations. And we rederive the equations of motion for the scalar perturbations
obtained in section 3. In section 5, we solve the equations of motion perturbatively and ob-
tain explicit form of the curvature perturbation. Finally we evaluate the power spectrum of
the curvature perturbation and calculate the scalar spectral index, which becomes close to 1.
Supplementary equations are listed in appendix A1, dimensional reduction to 4 dimensional
spacetime is explained in appendix B, and thoughts on higher order terms are discussed in
appendix C.
2 Review of Inflationary Solution in M-theory
In this section, we briefly review the inflationary solution in M-theory[1]. The effective action
for the M-theory consists of supergravity part and higher derivative corrections. Although
the complete form of the higher derivative corrections is not known, we have control over
leading curvature corrections. Thus we truncate the effective action up to the leading higher
curvature terms, which is written as [35, 36]
S11 =
1
2κ211
∫
d11x e
(
R+ ΓZ
)
, (1)
Z ≡ 24(WabcdW abcdWefghW efgh − 64WabcdW aefgW bcdhWefgh
+ 2WabcdW
abefW cdghWefgh + 16WacbdW
aebfW cgdhWegfh
− 16WabcdW aefgW bef hW cdgh − 16WabcdW aefgW bfehW cdgh
)
,
where a, b, c, · · · g, h are local Lorentz indices and Wabcd is Weyl tensor. There are two
parameters, gravitational constant 2κ211 and expansion coefficient Γ, in the effective action.
These are expressed in terms of 11 dimensional Planck length ℓp as
2κ211 = (2π)
8ℓ9p, Γ =
π2ℓ6p
21132
. (2)
By varying the effective action (1), we obtain following equations of motion[46].
Eab ≡ Rab − 1
2
ηabR+ Γ
{
− 1
2
ηabZ +RcdeaY
cde
b − 2D(cDd)Y cabd
}
= 0. (3)
Here Da is a covariant derivative with respect to the local Lorentz index. The tensor Yabcd
in the above is defined as
Yabcd = Xabcd − 1
9
(ηacXbd−ηbcXad−ηadXbc+ηbdXac) + 1
90
(ηacηbd−ηadηbc)X, (4)
1 Calculations in this paper are done by using Mathematica codes. See ref. [47]
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and the tensor Xabcd is given by
Xabcd =
1
2
(
X ′[ab][cd] +X
′
[cd][ab]
)
, Xab = X
c
acb, X = X
a
a, (5)
X ′abcd = 96
(
WabcdWefghW
efgh − 16WabceWdfghW efgh + 2WabefWcdghW efgh
+ 16WaecgWbfdhW
efgh − 16WabegWcf ehWdfgh − 16WefagW ef chW gbhd
+ 8Wab
efWceghWdf
gh
)
.
Note that Y cacb = 0.
Below we solve the equations of motion (3) up to the linear order of Γ. We assume that
the 11 dimensional coordinates Xµ are divided into 4 dimensional spacetime (t, xi) and 7
internal directions ym, where i = 1, 2, 3 and m = 4, · · · , 10. The ansatz for the metric is
given by
ds2 = −dt2 + a(t)2dx2i + b(t)2dy2m. (6)
a(t) and b(t) are scale factors of 3 dimensions and 7 internal ones, respectively2. Now we
define Hubble parameter H(t) = a˙(t)a(t) and similar one G(t) =
b˙(t)
b(t) . Then the equation (3) is
expressed in terms of H(t) and G(t), and the solution up to linear order of Γ is given by
H(τ) =
HI
τ
+ Γ
chH
7
I
τ7
, G(τ)=
−7 +√21
14
HI
τ
+ Γ
cgH
7
I
τ7
. (7)
Here τ is dimensionless time coordinate given by
τ =
(−1 +√21)HIt+ 2
2
, (8)
and numerical coefficients ch and cg are expressed as
ch =
13824(477087−97732√21)
8575
∼ 47111, (9)
cg = −41472(532196−110451
√
21)
60025
∼ −17996.
It is easy to integrate the eq. (7), and log a and log b are solved as
log a = log aE +
1 +
√
21
10
log τ − 1 +
√
21
60
chΓH
6
I
1
τ6
,
log b = log bE − 3
√
21− 7
70
log τ − 1 +
√
21
60
cgΓH
6
I
1
τ6
. (10)
From this we see that a(τ) is rapidly expanding and b(τ) is rapidly deflating during 1 ≤ τ ≤ 2.
aE or bE are integral constants and correspond to scale factors just after the inflation or the
2 The internal space is compactified on 7 dimensional torus with one volume factor b and other moduli
parameters are fixed 0. Linear order perturbations of those are considered in section 3. The dimensional
reduction to 4 dimensional spacetime is explained in appendix B.
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deflation. After τ = 2, the higher derivative corrections are suppressed and the scale factors
behave like
a0 = aE τ
1+
√
21
10 , b0 = bE τ
− 3
√
21−7
70 . (11)
The behavior of a0 is similar to radiation dominated era.
The motivation for the inflation is to resolve the horizon problem. This requires that the
particle horizon
∫
dt
a(t) during the inflationary era is almost equal to that after the radiation
dominated era. The particle horizon during the inflationary era is given by
√
21 + 1
10HI
∫ 2
1
dτ
a(τ)
=
√
21 + 1
10aEHI
∫ 2
1
dττ−
1+
√
21
10 e
1+
√
21
60
chΓH
6
I
1
τ6 . (12)
On the other hand, if we simply apply the eq. (11) for the scale factor after τ = 2, the
particle horizon during this era is evaluated like
√
21 + 1
10HI
∫ τ0
2
dτ
a0(τ)
=
√
21 + 1
10aEHI
∫ τ0
2
dττ−
1+
√
21
10 ∼
√
21 + 1
10aEHI
9 +
√
21
6
τ
9−
√
21
10
0 , (13)
where τ0 is the value at current time t0. Now we define the e-folding number as Ne = log
a(τ0)
a(2) .
This means that τ0 = 2e
√
21−1
2
Ne . By equating the eq. (12) with the eq. (13), we obtain
∫ 2
1
dττ−
1+
√
21
10 e
1+
√
21
60
chΓH
6
I
1
τ6 ∼ 9 +
√
21
6
2
9−
√
21
10 e
√
21−3
2
Ne . (14)
This gives a relation between ΓH6I and Ne, and we obtain ΓH
6
I ∼ 0.014 for Ne = 69, for
example3.
3 Scalar Perturbations around the Background Geometry
Perturbations around homogeneous and isotropic universe are important directions to sort
out inflationary models via observations. In this section, first we consider general metric
perturbations around the background metric (6), and examine infinitesimal variations of
perturbations under general coordinate transformation. Next we derive linearized equations
of motion for the perturbations. Finally we focus on scalar perturbations and simplify their
equations of motion by removing auxiliary fields. Main results are given by eqs. (43) and
(46)[47].
3.1 Metric Perturbations and General Coordinate Transformation
Let us consider perturbations around the background geometry (6). We choose the metric
with perturbations as follows.
ds2 = −(1 + 2α)dt2 − 2a(t)βidtdxi + a(t)2(δij + hij)dxidxj
− 2b(t)βmdtdym + b(t)2(δmn + hmn)dymdyn + 2a(t)b(t)himdxidym, (15)
3Note that the definition of the e-folding number is different from that in ref. [1].
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where i, j = 1, 2, 3 and m,n = 4, · · · , 10. α(X), βi(X) and hij(X) are perturbations for
the 4 dimensional spacetime, and hmn(X) is that of the internal space. βm(X) and him(X)
are off-diagonal perturbations between 4 dimensional spacetime and the internal space. As
usual, we decompose vectors and tensors as
βi = βˆi + ∂iβ, hij = hˆij + 2∂(iγˆj) + 2∂i∂jγ + 2ψδij , (16)
βm = βˆm + ∂mβ¯, hmn = hˆmn + 2∂(mγˆn) + 2∂m∂nγ¯ + 2ψ¯δmn,
him = hˆim + ∂iλˆm + ∂mλˆi + 2∂i∂mλ.
Here hatted vectors are divergenceless, and hatted tensors are divergenceless and traceless.
Note that hˆim has 12 independent components. ψ is the curvature perturbation whose power
spectrum is important to sort out models via observations.
The general coordinate transformation is given by X ′µ = Xµ + ξµ(X). Again ξi and
ξm are decomposed into ξi = ξˆi + ∂iξ and ξm = ξˆm + ∂mξ¯, respectively. Then the scalar
perturbations transform as
β′ = β − a−1ξt + aξ˙, β¯′ = β¯ − b−1ξt + b ˙¯ξ,
γ′ = γ − ξ, γ¯′ = γ¯ − ξ¯, (17)
ψ′ = ψ −Hξt, ψ¯′ = ψ¯ −Gξt,
α′ = α− ξ˙t, λ′ = λ− 12ab−1ξ − 12a−1bξ¯,
and vector perturbations do as
βˆ′i = βˆi + a
˙ˆ
ξi, γˆ
′
i = γˆi − ξˆi, λˆ′i = λˆi − ab−1ξˆi,
βˆ′m = βˆm + b
˙ˆ
ξm, γˆ
′
m = γˆm − ξˆm, λˆ′m = λˆm − a−1bξˆm. (18)
Tensor perturbations do not transform under the general coordinate transformation.
3.2 Equations of Motion for Metric Perturbations
Let us derive linearized equations of motion for the metric perturbations. This is simply
done by varying the eq. (3). First of all, variation of Yabcd is evaluated as
δYabcd = δXabcd − 1
9
(ηacδXbd−ηbcδXad−ηadδXbc+ηbdδXac) + 1
90
(ηacηbd−ηadηbc)δX, (19)
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and variation of Xabcd is given by
δXabcd =
1
2
(
δX ′[ab][cd] + δX
′
[cd][ab]
)
, (20)
δX ′abcd = 96 δWpqrs
(
δpaδ
q
bδ
r
cδ
s
dWefghW
efgh+2WabcdW
pqrs−16δpaδqbδrcWdfghW sfgh
−16δpdWabceW eqrs−16WabcpWdqrs+2δpaδqbWcdghW rsgh+2δpc δqdWabefW efrs
+2Wab
pqWcd
rs+16δpaδ
r
cWbfdhW
qfsh+16δpb δ
r
dWaecgW
eqgs+16Wa
p
c
rWb
q
d
s
−16δpaδqbWcf rhWdfsh−16δpcWabrgWdqgs−16δpdWaberWcqes−16δpaW rschW qbhd
−16δpcW rsagW gbqd−16δpb δrdWefaqW ef cs+8δpaδqbWcrghWdsgh+8δpcWabqfWdf rs
+8δpdWab
eqWce
rs
)
.
Second, variation of D(cDd)Y
c
ab
d is calculated as
δ
(
DcDdY
c
(ab)
d
)
= δeµcDµDdY
c
(ab)
d + δωc
c
eDdY
e
(ab)
d − δωce(aDdY ceb)d
− δωce(aDdY cb)ed +Dcδ
(
DdY
c
(ab)
d
)
= δeµcDµDdY
c
(ab)
d+δωc
c
eDdY
e
(ab)
d−δωce(aDdY ceb)d
− δωce(aDdY cb)ed +DcDdδY c(ab)d +Dc
(
δeνdDνY
c
(ab)
d (21)
+ δωd
c
eY
e
(ab)
d − δωde(aY ceb)d − δωde(aY cb)ed + δωddeY c(ab)e
)
,
where δωa
b
c ≡ eµaδωµbc. Combining the above results, we see that the variation of the eq. (3)
is evaluated as
δEab = δRab− 1
2
ηabδR + Γ
{
− 1
2
ηabδRcdefY
cdef+δRcdeaY
cde
b+R
cde
aδYcdeb
− 2δeµcDµDdY c(ab)d − 2δωcceDdY e(ab)d + 2δωce(aDdY ceb)d
+ 2δωce(aD
dY cb)
e
d − 2DcDdδY c(ab)d−2Dc
(
δeνdDνY
c
(ab)
d (22)
+ δωd
c
eY
e
(ab)
d − δωde(aY ceb)d − δωde(aY cb)ed + δωddeY c(ab)e
)}
= 0.
3.3 Equations of Motion for Scalar Perturbations
In this subsection, we restrict the metric perturbations to the scalar perturbations. So the
metric is chosen as
ds2 = −(1 + 2α)dt2 − 2a∂iβdtdxi + a2(δij + 2∂i∂jγ + 2ψδij)dxidxj
− 2b∂mβ¯dtdym + b2(δmn + 2∂m∂nγ¯ + 2ψ¯δmn)dymdyn + 4ab∂i∂mλdxidym. (23)
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If we choose some gauge, the above metric is equivalent to the vielbein of the form
eaµ + δe
a
µ (24)
=


1+α 0 0 0 0 · · · 0
−∂1β a(1+∂21γ+ψ) 0 0 0 · · · 0
−∂2β 2a∂2∂1γ a(1+∂22γ+ψ) 0 0 · · · 0
−∂3β 2a∂3∂1γ 2a∂3∂2γ a(1+∂23γ+ψ) 0 · · · 0
−∂4β¯ 2a∂4∂1λ 2a∂4∂2λ 2a∂4∂3λ b(1+∂24 γ¯+ψ¯) · · · 0
...
...
...
...
...
. . . 0
−∂10β¯ 2a∂10∂1λ 2a∂10∂2λ 2a∂10∂3λ 2b∂10∂4γ¯ · · · b(1+∂210γ¯+ψ¯)


,
up to the linear order of the perturbations. Here eaµ is the background vielbein and δe
a
µ
linearly depends on the scalar perturbations.
Now we define following quantities.
χ = a(β + aγ˙), χ¯ = b(β¯ + b ˙¯γ), (25)
Ψ = H−1ψ, Ψ¯ = G−1ψ¯, σ = abλ− a
2
2
γ − b
2
2
γ¯.
Consulting the eq. (17), we see that α, χ,Ψ, χ¯, Ψ¯ are invariant under ξ and ξ¯ transforma-
tions, and σ is invariant under the general coordinate transformation. By inserting scalar
perturbations (24) into eq. (22), and expanding all perturbations by Fourier modes, such as
Ψ(t, x, y) =
∫
d3kd7l
{
Ψ(t, k, l)eikix
i+ilmym +Ψ(t, k, l)∗e−ikix
i−ilmym}, (26)
we obtain following 8 linearized equations with respect to Υ˜ = {α(t, k, l), χ(t, k, l), Ψ(t, k, l),
χ¯(t, k, l), Ψ¯(t, k, l), σ(t, k, l)}.
E1≡δE00=0, E2≡ a
ka
δE0a=0, E3≡ a
2
kakb
δEab=0, E4≡δEaa − ka
kb
δEab=0, (27)
E5≡ b
lm
δE0m=0, E6≡ b
2
lmln
δEmn=0, E7≡δEmm − lm
ln
δEmn=0, E8≡ ab
kalm
δEam=0.
Here the indices are not contracted. In order to evaluate the above equations we employed
Mathematica codes, and portions of results are written as
E1 =
k2
a2
{
− (7G+ 2H)χ+ 2HΨ+ 7GΨ¯
}
+
l2
b2
{
− 3(2G +H)χ¯+ 3HΨ+ 6GΨ¯
}
+
k2l2
a2b2
2σ − 6(7G2 + 7GH +H2)α+ 3H˙(7G + 2H)Ψ + 3H(7G + 2H)Ψ˙ (28)
+ 21G˙(2G+H)Ψ¯ + 21G(2G +H) ˙¯Ψ + ΓS˜1(Υ˜,H,G),
E2 =
l2
b2
{
− χ
2
+
χ¯
2
+ 2Hσ − σ˙
}
+ (7G + 2H)α− 2H˙Ψ− 2HΨ˙ (29)
− 7(G2 −GH + G˙)Ψ¯ − 7G ˙¯Ψ + ΓS˜2(Υ˜,H,G),
E3 = −2l
2σ
b2
− α+ (7G+H)χ+ χ˙−HΨ− 7GΨ¯ + ΓS˜3(Υ˜,H,G), (30)
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E4 =
k2
a2
{
− α+ (7G +H)χ+ χ˙−HΨ− 7GΨ¯
}
+
l2
b2
{
− α+ 2(3G +H)χ¯+ ˙¯χ− 2HΨ − 6GΨ¯
}
− k
2l2
a2b2
2σ
+ 2(28G2 + 14GH + 3H2 + 7G˙+ 2H˙)α+ (7G + 2H)α˙
− 2(7GH˙ + H¨ + 3HH˙)Ψ− 2(7GH + 3H2 + 2H˙)Ψ˙− 2HΨ¨ (31)
− 7(2G˙H + G¨+ 8GG˙)Ψ¯ − 14(4G2 +GH + G˙) ˙¯Ψ − 7G ¨¯Ψ + ΓS˜4(Υ˜,H,G),
E5 =
k2
a2
{χ
2
− χ¯
2
+ 2Gσ − σ˙
}
+ 3(2G +H)α+ 3(GH −H2 − H˙)Ψ − 3HΨ˙
− 6G˙Ψ¯− 6G ˙¯Ψ + ΓS˜5(Υ˜,H,G), (32)
E6 = −k
2
a2
2σ − α+ (5G + 3H)χ¯+ ˙¯χ− 3HΨ − 5GΨ¯ + ΓS˜6(Υ˜,H,G), (33)
E7 =
k2
a2
{
− α+ (6G + 2H)χ+ χ˙− 2HΨ− 6GΨ¯
}
+
l2
b2
{
− α+ (5G + 3H)χ¯+ ˙¯χ− 3HΨ − 5GΨ¯
}
− k
2l2
a2b2
2σ
+ 6
(
7G2 + 6GH + 2H2 + 2G˙+ H˙
)
α+ 3(2G +H)α˙
− 3(6GH˙ + H¨ + 4HH˙)Ψ− 6(3GH + 2H2 + H˙)Ψ˙− 3HΨ¨ (34)
− 6(3G˙H + G¨+ 7GG˙)Ψ¯ − 6(7G2 + 3GH + 2G˙) ˙¯Ψ− 6G ¨¯Ψ + ΓS˜7(Υ˜,H,G),
E8 = −α+ 1
2
(5G + 3H)χ+
1
2
χ˙+
1
2
(7G +H)χ¯+
1
2
˙¯χ− 2HΨ − 6GΨ¯
− 2(7G2 +GH + G˙)σ + (5G+H)σ˙ + σ¨ + ΓS˜8(Υ˜,H,G), (35)
where k2 = kik
i and l2 = lml
m. Note that one of these equations is redundant because of
DaEab = 0, so we have 7 independent equations. The explicit forms of S˜u(u = 1, · · · , 8) can
be found in ref. [47].
Now we simply set lm = 0, because
l2
b2 becomes very large after the rapid expansion and
such massive modes will decouple. Anyway the full analyses including li 6= 0 modes will be
discussed elsewhere. When li = 0, the above 7 independent equations reduce to following 4
equations, which are linear on Υ = {α, χ,Ψ, Ψ¯}.
E1 =
k2
a2
{
− (7G+ 2H)χ+ 2HΨ+ 7GΨ¯
}
− 6(7G2 + 7GH +H2)α+ 3H˙(7G + 2H)Ψ + 3H(7G + 2H)Ψ˙ (36)
+ 21G˙(2G+H)Ψ¯ + 21G(2G +H) ˙¯Ψ + ΓS1(Υ,H,G) = 0,
E2 = (7G + 2H)α− 2H˙Ψ− 2HΨ˙ − 7(G2 −GH + G˙)Ψ¯− 7G ˙¯Ψ + ΓS2(Υ,H,G) = 0, (37)
E3 = −α+ (7G+H)χ+ χ˙−HΨ− 7GΨ¯ + ΓS3(Υ,H,G) = 0, (38)
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E7 =
k2
a2
{
− α+ (6G+ 2H)χ+ χ˙− 2HΨ− 6GΨ¯
}
+ 6(7G2 + 6GH + 2H2 + G˙+ H˙)α + 3(2G +H)α˙
− 3(6GH˙ + H¨ + 4HH˙)Ψ− 6(3GH + 2H2 + H˙)Ψ˙− 3HΨ¨ (39)
− 6(3G˙H + G¨+ 7GG˙)Ψ¯ − 6(7G2 + 3GH + 2G˙) ˙¯Ψ− 6G ¨¯Ψ + ΓS7(Υ,H,G) = 0.
Again the explicit forms of Su(u = 1, 2, 3, 7) can be found in ref. [47].
Let us solve above equations up to the linear order of Γ expansion, so we expand the
perturbation Υ as Υ = Υ0+ΓΥ1. Here the subscript 0 represents the quantity at the leading
order, and 1 does one which is linear order of Γ. As will be clear soon, it is useful to define
following gauge invariant quantity.
P ≡ Ψ− Ψ¯ = H−1ψ −G−1ψ¯. (40)
Below we will show that equations of motion for scalar perturbations can be collected into
single differential equation with respect to P , after eliminating auxiliary fields α and χ.
First let us consider the equations of motion at the leading order of Γ expansion. From
eqs. (36) and (37), α0 and χ0 are solved as
α0 = −9 +
√
21
3
H0P0 + Ψ˙0 +
√
21
3
P˙0, (41)
χ0 =
a2
k2
{
− 3(
√
21 − 1)
2
H20P0 + 3H0P˙0
}
+Ψ0 +
√
21
3
P0. (42)
Here H0 and G0 are leading parts of H and G, respectively, and we used G0 =
−7+
√
21
14 H0
and H˙0 =
1−
√
21
2 H
2
0 . By inserting the above into the eq. (38) with Γ = 0, we obtain
0 = P¨0 −
√
21− 1
2
H0P˙0 +
(k2
a20
−
√
21− 11
2
H20
)
P0. (43)
Note that the eq. (39) is automatically satisfied. So we only need to solve the eq. (43) at the
leading order of Γ.
Next let us investigate linear order of Γ expansion. Again, from eqs. (36) and (37),
auxiliary fields α and χ are solved up to linear order of Γ as
α =
2H˙Ψ+ 2HΨ˙ + 7(G˙ −GH +G2)Ψ¯ + 7G ˙¯Ψ
7G+ 2H
+ Γ
[
1536(14229047+734623
√
21)
8575 H
7
0Ψ0 +
3072(828991
√
21−14799601)
8575 H
7
0 Ψ¯0
+ 1536(−2965613−1496367
√
21)
8575 H
6
0 P˙0 +
546816(136+9
√
21)
245 H
5
0 P¨0 − 6144(1771+1014
√
21)
1225 H
4
0
...
P 0
− k
2
a2
{
1536(1677
√
21−152147)
1225 H
5
0P0 +
3072(497+1348
√
21)
1225 H
4
0 P˙0
}]
, (44)
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χ =
a2
k2
63G2H˙Ψ− 21G(3HG˙−12GH2+14G3−2H3)Ψ¯ + 63G2HP˙
(7G + 2H)2
+
2HΨ + 7GΨ¯
7G+ 2H
+ Γ
[a2
k2
{
− 3072(34956397−13586977
√
21)
8575 H
8
0Ψ0 − 3072(26812583+1603297
√
21)
8575 H
8
0 Ψ¯0
− 3072(25037012−2136942
√
21)
8575 H
7
0 P˙0 − 3072(628026−719166
√
21)
8575 H
6
0 P¨0
− 3072(34463+217
√
21)
1225 H
5
0
...
P 0
}
+ 3072(5902
√
21−573447)
8575 H
6
0P0
+ 4608(861+859
√
21)
245 H
5
0 P˙0 − 6144(1771+1014
√
21)
1225 H
4
0 P¨0 −
k2
a2
3072(497+1348
√
21)
1225 H
4
0P0
]
. (45)
By inserting the above into (38), of course we obtain the eq. (43) at the leading order, and
0 = P¨1 −
√
21− 1
2
H0P˙1 +
(k2
a20
−
√
21− 11
2
H20
)
P1
− 1536(49692383
√
21−70593438)
8575 H
8
0P0 +
768(36412229
√
21−124991079)
1715 H
7
0 P˙0
+ 768(5604373
√
21−36068337)
1715 H
6
0 P¨0 +
12288(6383
√
21−17688)
245 H
5
0
...
P 0
+ 3072(2261
√
21−23271)
1225 H
4
0
....
P 0 +
k2
a20
{(
768(3567079
√
21−29260239)
8575 H
6
0 − 2a¯1
)
P0
+ 3072(85331
√
21−265416)
1225 H
5
0 P˙0 +
1536(9479
√
21−66369)
1225 H
4
0 P¨0
}
(46)
+
k4
a40
6144(1633
√
21−9288)
1225 H
4
0P0,
at the linear order of Γ. Here a¯1, which comes from
k2
a2
P0, is defined as
a¯1 = −1 +
√
21
60
ch
H6I
τ6
= −1 +
√
21
60
chH
6
0 . (47)
In summary, we have derived the eq. (43) and the eq. (46) for the scalar perturbation P . We
will solve these equations up to the linear order of Γ in section 5.
4 Effective Action for Scalar Perturbations
In the previous section, we derived equations of motion for scalar perturbations, which are
expressed by the eq. (43) and the eq. (46). In this section, we consider effective action which
is second order with respect to the scalar perturbations. We will reproduce the equations of
motion (43) and eq. (46) from this effective action.
First let us substitute the metric (15) into the action (1), and expand it up to the second
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order with respect to the scalar perturbations. By setting lm = 0, the result is written as
S
(2)
pt = S
(2,0)
pt + ΓS
(2,1)
pt
=
1
2κ211
∫
dtd3xd7y a3b7
[
− 42G2 ˙¯Ψ2 − 6H2Ψ˙2 − 42GHΨ˙ ˙¯Ψ
+ 42Ψ˙Ψ¯
(−G2H +GH2 +GH˙ − G˙H)
+ 42GΨ¯2
(
21G3 + 18G2H + 6GH2 + 3GH˙ + 13G˙G+ 3G˙H + G¨
)
+ 42GΨΨ¯
(
21G2H + 18GH2 + 6GH˙ + 6H3 + H¨ + 6G˙H + 7HH˙
)
+ 6HΨ2
(
28G2H + 14GH2 + 7G˙H + 7GH˙ + 3H3 + 5H˙H + H¨
)
+ 6αΨ
(
21G2H + 21GH2 + 7GH˙ + 3H3 + 2H˙H
)
+ 6HαΨ˙
(
7G+ 2H
)
(48)
+ 42αΨ¯
(
7G3 + 7G2H +GH2 + G˙H + 2G˙G
)
+ 42Gα ˙¯Ψ
(
2G+H
)
+
k2
a2
{
2H2Ψ2 + 42G2Ψ¯2 + 14GΨ¯α+ 4HΨα− 2(7G+ 2H)χα+ 28GHΨΨ¯
+ 14
(
G2 −GH + G˙)Ψ¯χ+ 14G ˙¯Ψχ+ 4H˙Ψχ+ 4HΨ˙χ}+ ΓL(2,1)pt (Υ,H,G)
]
,
where S
(2,0)
pt represents the leading order part of Γ expansion in the second order terms with
respect to the scalar perturbations. Similarly S
(2,1)
pt or L(2,1)pt (Υ,H,G) does linear order part
of Γ. The explicit forms of L(2,1)pt and other complicated equations in this section can be
found in ref. [47]. By varying the above action, we obtain following equations of motion for
scalar perturbations.
Eα =
k2
a2
{
7GΨ¯− (7G + 2H)χ+ 2HΨ
}
+ 3Ψ
(
21G2H + 21GH2 + 7GH˙ + 3H3 + 2H˙H
)
+ 3HΨ˙(7G + 2H) (49)
+ 21Ψ¯
(
7G3 + 7G2H +GH2 + G˙H + 2G˙G
)
+ 21G ˙¯Ψ(2G +H)
+ ΓSα(Υ,H,G) = 0,
Eχ = −α(7G + 2H) + 2H˙Ψ+ 2HΨ˙ + 7Ψ¯(G2 −GH + G˙) + 7G ˙¯Ψ
+ ΓSχ(Υ,H,G) = 0, (50)
EΨ =
k2
a2
{
14GΨ¯ + 2α− 2χ(7G +H) + 2HΨ− 2χ˙
}
− 3(7G + 2H)α˙
+ 6Ψ
(
28G2H + 14GH2 + 7G˙H + 7GH˙ + 3H3 + H¨ + 5H˙H
)
+ 21Ψ¯
(
28G3 + 14G2H + 3GH2 + 2GH˙ + 2G˙H + G¨+ 15G˙G
)
(51)
+ 6Ψ˙(7GH + 3H2 + 2H˙) + 42 ˙¯Ψ(4G2 +GH + G˙) + 6HΨ¨ + 21G ¨¯Ψ
+ ΓSΨ(Υ,H,G) = 0,
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EΨ¯ =
k2
a2
{
6GΨ¯ + α− 2χ(3G +H) + 2HΨ− χ˙
}
− 3α˙(2G+H)
+ 3Ψ(21G2H + 18GH2 + 6G˙H + 6GH˙ + 6H3 + H¨ + 7H˙H)
+ 6Ψ¯(21G3 + 18G2H + 6GH2 + 3GH˙ + 3G˙H + G¨+ 13G˙G) (52)
+ 6Ψ˙(3GH + 2H2 + H˙) + 6 ˙¯Ψ(7G2 + 3GH + 2G˙) + 3HΨ¨ + 6G ¨¯Ψ
+ ΓSΨ¯(Υ,H,G) = 0,
where SI (I = α, χ,Ψ, Ψ¯) represents linear terms with respect to Γ. At least at the leading
order, it is straightforward to show that these are equivalent to the equations of motion
(36)-(39). For example, EΨ is expressed by a combination of E2, E˙2 and
k2
a2
E3. Thus the
effective action (48) is consistent with the results in the previous section.
It is also possible to express the effective action in terms of P0 and P1. First by eliminating
auxiliary fields α0 and χ0 by using the eq. (41) and the eq. (42), the leading order action
S
(2,0)
pt is written as
S
(2,0)
pt =
1
2κ211
∫
dtd3xd7y 6a30b
7
0H
2
0
{
−
(k2
a20
−
√
21 − 11
2
H20
)
P 20 + P˙
2
0
}
. (53)
It is easy to confirm that the eq. (43) can be derived from this action.
Next let us express S
(2)
pt in terms of P0 and P1. By eliminating auxiliary fields α and χ
by inserting the eq. (44) and the eq. (45) into the action (48), we obtain
S
(2)
pt =
1
2κ211
∫
dtd3xd7y 6a30b
7
0H
2
0
[
−
(k2
a20
−
√
21− 11
2
H20
)
P 20 + P˙0
2
+ Γ
{
− 2P¨0P1 + (
√
21− 1)H0P˙0P1 + (
√
21− 11)H20P0P1
− 3072(2261
√
21−23271)
1225 H
4
0 P¨0
2
+
(
3a¯1 + 7b¯1 +
768(6043049
√
21−44300079)
8575 H
6
0
)
P˙0
2
+
(√
21−11
2 (3a¯1 + 7b¯1) +
768(16193431
√
21−29555691)
1225 H
6
0
)
H20P
2
0
+
k2
a20
(
− 2P0P1 −
(
a¯1 + 7b¯1 +
768(1807903
√
21−20672673)
8575 H
6
0
)
P 20
+ 1536(9479
√
21−66369)
1225 H
4
0 P˙0
2
)
− k
4
a40
6144(1633
√
21−9288)
1225 H
4
0P
2
0
}]
, (54)
where b¯1 is defined as
b¯1 = −1 +
√
21
60
cg
H6I
τ6
= −1 +
√
21
60
cgH
6
0 . (55)
Note that ˙¯a1 and
˙¯b1 are written as
˙¯a1 = H1 = ch
H7I
τ7
= chH
7
0 ,
˙¯b1 = G1 = cg
H7I
τ7
= cgH
7
0 , (56)
respectively. Then it is possible to check that this action consistently reproduces the equa-
tions of motion (43) and (46).
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5 Analyses of Scalar Perturbations
In this section, first we solve the eq. (43), and then do the eq. (46). From these, it is possible
to obtain the explicit form of the curvature perturbation ψ and estimate its power spectrum.
5.1 Solutions of P0 and P1
In order to solve the eq. (43), we introduce new time coordinate η instead of t, which is
defined by dt = 1+
√
21
10HI
dτ = a0dη. Note that a0 = aEτ
1+
√
21
10 is leading part of the scale factor
a. Therefore η is considered to be a conformal time after the inflationary expansion. Then
η is expressed in terms of τ like
η =
1 +
√
21
10HI
∫
dτ
a0
=
3 +
√
21
6aEHI
τ
9−
√
21
10 . (57)
By solving inversely, τ is expressed in terms of η as
τ =
(√21− 3
2
aEHIη
) 9+√21
6
, (58)
and a0 is given by
a0 = aE
(√21− 3
2
aEHIη
) 3+√21
6
. (59)
Remind that the inflationary expansion is realized during 1 ≤ τ ≤ 2. Now τ = 1 corresponds
to aEHIη =
3+
√
21
6 ∼ 1.26, and τ = 2 does to aEHIη = 3+
√
21
6 2
9−
√
21
10 ∼ 1.72.
Hubble parameter H0 with respect to the time coordinate η is evaluated as
H0 = a
′
0
a0
= a0H0 =
3 +
√
21
6
1
η
, (60)
where ′ = ddη . And derivatives of P0 with respect to t are replaced with
P˙0 =
1
a0
P ′0, P¨0 =
1
a20
(P ′′0 −H0P ′0). (61)
Then by multiplying a20 to the eq. (43), it becomes
0 = P ′′0 −
√
21 + 1
2
H0P ′0 +
(
k2 −
√
21− 11
2
H20
)
P0
= a
√
21+1
4
0
[
U ′′0 +
(
k2 +
1
4η2
)
U0
]
, (62)
where P0 and U0 are related as
P0 = a
√
21+1
4
0 U0. (63)
Now the eq. (62) can be solved as
U0 = c1
√
kηJ0(kη) + c2
√
kηY0(kη). (64)
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J0 and Y0 are Bessel functions of the first and second kind, respectively. c1 and c2 are integral
constants and both have mass dimension −1. In order to fix the ratio of c2/c1, we demand
that U0 behaves like e
−ikη as η goes to the infinity. This is reasonable if we assume that the
perturbations, such as the eq. (26), are canonically expressed in terms of Fourier modes as
η goes to the infinity. Since
√
xJ0(x) ∼
√
2
pi cos(x − pi4 ) and
√
xY0(x) ∼
√
2
pi sin(x − pi4 ) as
x→∞, we choose c2c1 as
c2
c1
= −i, (65)
and U0 is given by
U0 = c1
√
kηH
(2)
0 (kη), (66)
where H
(2)
0 is Hankel function of the second kind.
Next let us solve the differential equation for P1. We replace derivatives of P0 with
respect to t by using the eq. (61) and
...
P 0 =
1
a30
{
P ′′′0 − 3H0P ′′0 +
1 +
√
21
2
H20P ′0
}
, (67)
....
P 0 =
1
a40
{
P ′′′′0 − 6H0P ′′′0 + (5 + 2
√
21)H20P ′′0 −
21 +
√
21
2
H30P ′0
}
.
Then by multiplying a20 to the eq. (46), it becomes
P ′′1 −
√
21 + 1
2
H0P ′1 +
(
k2 −
√
21− 11
2
H20
)
P1
+
1
a60
[
− 1536(49692383
√
21−70593438)
8575 H80P0 + 1536(15053494
√
21−40585737)
1715 H70P ′0
+ 6912(1812421
√
21−16802761)
8575 H60P ′′0 + 6144(57047
√
21−107067)
1225 H50P ′′′0 + 3072(2261
√
21−23271)
1225 H40P ′′′′0
+ k2
{(768(3567079√21−29260239)
8575 H60 − 2a60a¯1
)
P0 +
1536(161183
√
21−464463)
1225 H50P ′0
+ 1536(9479
√
21−66369)
1225 H40P ′′0
}
+ k4 6144(1633
√
21−9288)
1225 H40P0
]
= 0. (68)
In the above, we used
H′0 =
3−√21
2
H20, H′′0 = 3(5 −
√
21)H30, (69)
and neglected higher order terms on Γ. The remaining eq. (39) is automatically satisfied. If
we rescale P1 as
P1 = a
√
21+1
4
0 U1, (70)
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we obtain
0 = U ′′1 +
(
k2 − 3(
√
21 − 5)
8
H20
)
U1
+
1
a60
[
− 3456(64904378
√
21−301020693)
8575 H80U0 + 13824(676051
√
21−2068971)
1715 H70U ′0
+ 2304(4137503
√
21−32998023)
8575 H60U ′′0 + 36864(7757
√
21−15827)
1225 H50U ′′′0 + 1536(4522
√
21−46542)
1225 H40U ′′′′0
+ k2
{(2304(680348√21−5726943)
8575 H60 − 2a60a¯1
)
U0 +
9216(22123
√
21−66353)
1225 H50U ′0
+ 1536(9479
√
21−66369)
1225 H40U ′′0
}
+ k4 6144(1633
√
21−9288)
1225 H40U0
]
= U ′′1 +
(
k2 +
1
4η2
)
U1 +
28
3 · 52 73
(√21 + 3
6
)3+√21 √kη
a6Eη
8(aEHIη)3+
√
21[(
420(127267 + 27753
√
21)k3η3 − 78(27149229 + 5923661
√
21)kη
)(
c1J1(kη) + c2Y1(kη)
)
+
(− 44100(37 + 8√21)k4η4 + (602616417 + 131422261√21)k2η2 (71)
+ 36(49428849 + 10780291
√
21)
)(
c1J0(kη) + c2Y0(kη)
)]
.
In the last line, we substituted the eq. (60) and the eq. (64). Particular solution of the above
is given by
U1 = −288(20727−4523
√
21)
300125
H6I
√
kη(√
21−3
2 aEHIη
)9+√21
(
c1U11 − c2 (−41+9
√
21)
√
pi
10 U12
)
. (72)
Since the explicit expressions of U11 and U12 are quite long, we put them in the appendix A.
The ratio of c2c1 should be fixed by
c2
c1
= −i as explained around the eq. (65). Thus we have
solved the eqs.(43) and (46), and P = P0 + ΓP1 is given by
P0 = c1a
√
21+1
4
0
√
kηH
(2)
0 (kη), (73)
P1 = −288(20727−4523
√
21)
300125 c1a
√
21+1
4
0
H6I
√
kη(√
21−3
2 aEHIη
)9+√21
(
U11 + i
(−41+9
√
21)
√
pi
10 U12
)
.
5.2 Curvature perturbation
Let us investigate the curvature perturbation ψ. If we choose ψ¯ = 0 gauge, the curvature
perturbation is expressed as ψ = HP . Up to the linear order of Γ expansion, ψ is written as
ψ(η, x) = ψ0 + Γψ1 = H0P0 + Γ(H1P0 +H0P1), (74)
where η is related to τ via the eq. (57). Now we expand ψ(η, x) as
ψ(η, x) =
∫
d3k
{
ψ(η, k)eikix
i
+ ψ(η, k)∗e−ikix
i}
. (75)
Then Fourier component of ψ0 is evaluated as
ψ0(η, k) = c˜1H
(2)
0 (kη), c˜1= c1a
√
21+1
4
E HI
(√21 + 3
6
k
aEHI
) 1
2
. (76)
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If we take kη →∞, ψ0(η, k) approaches to c˜1
√
2
pikηe
ipi
4 e−ikη.
Next Fourier component of ψ1 is calculated as
ψ1(η, k) = H0(chH
6
0P0 + P1)
= c1a
√
21+1
4
0 H
7
0
√
kη
{
chH
(2)
0 (kη) − 288(20727−4523
√
21)
300125
(
U11 + i
(−41+9
√
21)
√
pi
10 U12
)}
=
c˜1H
6
I
τ6
{
chH
(2)
0 (kη) − 288(20727−4523
√
21)
300125
(
U11 + i
(−41+9
√
21)
√
pi
10 U12
)}
. (77)
Here we used τ6 = (
√
21−3
2 aEHIη)
9+
√
21. Note that ψ1 decreases faster than ψ0 as τ goes to
the infinity.
Finally the power spectrum of the Fourier mode up to linear order of Γ is expressed as
P(η, k) =
( k
aEHI
)3
|ψ(η, k)|2
= |c˜1|2
( k
aEHI
)3∣∣∣H(2)0 (η, k) + ΓH
6
I
τ6
{
chH
(2)
0 (η, k)
− 288(20727−4523
√
21)
300125
(
U11(kη) + i
(−41+9√21)√pi
10 U12(kη)
)}∣∣∣2. (78)
Now we assume that the power spectrum was some constant A at the beginning of the
universe, τ = 1 or η = 3+
√
21
6aEHI
. Then P(3+
√
21
6aEHI
, k) = A, and k dependence of |c˜1| is given by
|c˜1|2 = A
(aEHI
k
)3∣∣∣H(2)0 (3+
√
21
6aEHI
, k) +
ΓH6I
τ6
{
chH
(2)
0 (
3+
√
21
6aEHI
, k)
− 288(20727−4523
√
21)
300125
(
U11(
3+
√
21
6aEHI
k) + i (−41+9
√
21)
√
pi
10 U12(
3+
√
21
6aEHI
k)
)}∣∣∣−2. (79)
So far the analyses in this paper is reliable up to the linear order of Γ. Basically we
don’t have any control over higher order terms, because we have poor knowledge about
coefficients of those terms. At best we know that coefficient of those terms behave like
(ΓH6I )
n, and expect that the n = 1 term in this paper is dominant during the inflationary
era. Then the behavior of the power spectrum (78) with log kaEHI = −30 and ΓH6I = 0.014 is
plotted as in fig. 1. The shape of the plot does not change so much even if the wave number
ranges −40 < log kaEHI < −10. The power spectrum is monotonically decreasing, but its tilt
becomes slightly mild after the inflationary era. The behavior of the power spectrum at the
horizon crossing k = aH with ΓH6I = 0.014 is shown in fig. 2. If we fit the data between
−36 < log kaEHI < −20 in fig. 2, it is possible to draw a line log
P
A = −0.062 log kaEHI−3.0, and
the spectral index is estimated as ns = 0.94. This is close to the value of current observation,
and we should investigate more seriously the era after the inflation.
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Figure 1: Plot of the power spectrum with log kaEHI = −30 and ΓH6I = 0.014.
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Figure 2: Plot of the power spectrum at k = aH with ΓH6I = 0.014. The line is given by
log PA = −0.062 log kaEHI − 3.0.
6 Conclusion and Discussion
In this paper we investigated the inflationary scenario in M-theory. In addition to the
ordinary supergravity part, the effective action of the M-theory contains higher curvature
terms, which are expressed by products of 4 Weyl tensors. In the early universe, H in the
eq. (7) is relatively large and nonzero components of the Weyl tensor also become large. So
the higher curvature terms become important and those induce the inflationary expansion.
After sufficient expansion, H becomes small and the Weyl tensor does small. Then the higher
curvature terms are negligible and inflation naturally ends.
The main purpose of this paper is to explore the scalar perturbations in the above infla-
tionary scenario. Actually, we considered the metric perturbations around the homogeneous
and isotropic background, and derived the linearized equations of motion for the scalar per-
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turbations. Originally there are 4 equations which linearly depend on α, χ, Ψ and Ψ¯, but
after eliminating auxiliary fields α and χ, we obtain only one equation for P = Ψ− Ψ¯. The
equation is expanded with respect to the parameter Γ up to the linear order, and the results
are given by the eqs. (43) and (46).
We also constructed the effective action for the scalar perturbations, and confirmed that
the eqs. (43) and (46) can be reproduced from the effective action for P . Then we solved P
up to the linear order of Γ, as shown in the eq. (73), and obtained the power spectrum of the
curvature perturbation ψ. As an initial condition, we assumed that the power spectrum of
the curvature perturbation was some constant. Then the power spectrum is plotted against
the time evolution in the fig. 1. The power spectrum is monotonically decreasing, but its
tilt becomes mild after the inflationary era. We also plotted the power spectrum against the
wave number in the fig. 2. The figure shows that the scalar spectral index becomes ns = 0.94,
if we fit the data for the wide range of the wave numbers. This is close to the value of current
observation, and we should investigate more seriously the era after the inflation.
In the above analyses, we neglected the wave number lm of the internal space. So the next
task is to include it and investigate the effect to the power spectrum. Of course, the tensor
to scalar ratio should be evaluated in the above inflationary scenario. As a future work, it is
interesting to apply the method developed here to more complicated internal geometry, such
as G2 manifold [48]. It is also interesting to apply the analyses of this paper to the heterotic
superstring theory with nontrivial internal space, which contains R2 corrections[49], and
reveal several problems in string cosmology[50]. Unification of the inflationary expansion
and late time acceleration in modified gravity, such as f(R) gravity or mimetic gravity, is an
interesting direction to be explored[51, 52, 53].
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A Supplementary Notes
The explicit form of U11 in the eq. (72) is given by
U11(kη)
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.
Here the function Gm,np,q
(
z, r| a1, · · · , an, an+1, · · · , ap
b1, · · · , bm, bm+1, · · · , bq
)
is the generalized Meijer G-function,
and the function pFq
(
a1, · · · , ap; b1, · · · , bq; z
)
is the generalized hypergeometric function.
The explicit form of U12 in the eq. (72) is given by
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B Dimensional Reduction
In this appendix, we consider dimensional reduction to 4 dimensional spacetime in Einstein
frame. Let us denote gEµν as the metric in 4 dimensional Einstein frame. The 11 dimensional
metric is written in terms of gEµν as
ds2 = e−7ρ(gEµνdx
µdxν) + e2ρdy2m, (82)
where eρ = b and µ, ν = 0, 1, 2, 3. Then 4 dimensional metric is written by
ds24 = g
E
µνdx
µdxν = −b7dt2 + a2b7dx2i = a2b7
(
−
(dt
a
)2
+ dx2i
)
. (83)
The scale factor in 4 dimensional spacetime is defined as a˜ = ab7/2, but the particle horizon
is the same as the eqs. (12) and (13). So if the inflation occurs in 11 dimensions, it is also
true in 4 dimensions. Notice also that the curvature perturbation ψ in the eq. (23) is the
same as that in 4 dimensions since it is defined as a multiplicative factor of the background
scale factor. Thus the analysis on the scalar spectrum index still holds in 4 dimensions.
Let us examine the behavior of the scale factor a˜ in 4 dimensions. From the eq. (10), it
is explicitly written as
log
a˜
a˜E
=
9−√21
20
log τ +
1 +
√
21
60
(−ch − 72cg)ΓH6I
τ6
, −ch − 72cg ∼ 15873. (84)
aE corresponds to the scale factor around τ = 2. The above means that a˜(1) ∼ 9.5 × 108a˜E
at the beginning. From the 4 dimensional perspective, the scale factor rapidly shrinks from
9.5 × 108a˜E to a˜E during “inflation”, and after that it expands like a˜ ∼ τ
9−
√
21
20 . The 4
dimensional perspective is appropriate after the inflation where the internal size is negligibly
small.
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Let us consider the effective action in 4 dimensions. By using the metric (82), the
dimensional reduction of the action (1) is written as
S4 =
V7
2κ211
∫
d4x
√−gE
(
RE − 632 ∂αρ∂αρ+ ΓZ
)
, (85)
Z ≡ 24(WabcdW abcdWefghW efgh − 64WabcdW aefgW bcdhWefgh
+ 2WabcdW
abefW cdghWefgh + 16WacbdW
aebfW cgdhWegfh
− 16WabcdW aefgW bef hW cdgh − 16WabcdW aefgW bfehW cdgh
)
,
where V7 represents the volume of the internal space, and components of the Weyl tensor
with spacetime indices are given by
Wαµβν = e
−7ρ{REαµβν − 19(gEαβREµν − gEανREµβ − gEµβREαν + gEµνREαβ)
+ 190(g
E
αβg
E
µν − gEανgEµβ)RE + 72(gEαβDEν ∂µρ− gEανDEβ ∂µρ
− gEµβDEν ∂αρ+ gEµνDEβ ∂αρ)− 710(gEαβgEµν − gEανgEµβ)DEγ ∂γρ
+ 634 (g
E
αβ∂µρ∂νρ− gEαν∂µρ∂βρ− gEµβ∂αρ∂νρ+ gEµν∂αρ∂βρ)
− 635 (gEαβgEµν − gEανgEµβ)∂γρ∂γρ
}
, (86)
Wmµnν = e
2ρδmn
{− 19REµν + 190gEµνRE −DEν ∂µρ− 15gEµνDEα∂αρ
− 92∂µρ∂νρ+ 6320gEµν∂αρ∂αρ
}
,
Wmpnq = e
11ρ(δmnδpq − δmqδnp)( 190RE − 2720∂αρ∂αρ+ 310DEα∂αρ).
From this we see that the scalar field ρ couples to the 4 dimensional Riemann tensor REαµβν ,
Ricci tensor REµν and scalar curvature RE in a nontrivial way, and it makes the analysis in 4
dimensions complicate.
C Thoughts on Higher Order Terms
In this paper we expected that contributions of higher order terms are small compared to
the 1-loop order. However, its reliability depends on the structure of higher order terms in
the effective action, which is almost impossible to deal with. For example, two-loop order
effective action consists of a combination of 430 (Weyl)7 terms (7 for W 3W 4, 17 for W 2W 5
and 406 for W 7) whose coefficients are unknown. At best it is possible to consider higher
order terms from dimensional analysis. Then H and G are estimated as
H(τ) =
HI
τ
+
chΓH
7
I
τ7
+
∞∑
n=2
c
(n)
h (ΓH
6
I )
nHI
τ6n+1
,
G(τ) =
−7 +√21
14
HI
τ
+
cgΓH
7
I
τ7
+
∞∑
n=2
c
(n)
g (ΓH6I )
nHI
τ6n+1
. (87)
Here τ is given by the eq. (8), and ch, cg are given by the eq. (9). Unfortunately, coefficients
c
(n)
h and c
(n)
g are unknown. As adopted in this paper, if we assume c
(n)
h ∼ ch, c(n)g ∼ cg
21
and ΓH6I ≪ 1, the above expansion is reliable up to the 1-loop order. (Of course, it is also
reliable if τ goes to large, 2 . τ for instance.) As a different possibility, the above expansion
will also be reliable in the case of c
(n)
h ∼ (ch)n and c
(n)
g ∼ (cg)n if we choose chΓH6I . 1. In
this appendix, we will examine such possibility.
It is easy to integrate the eq. (87). Then log a(τ) and log b(τ) are solved as
log
a
aE
=
1 +
√
21
10
log τ − 1 +
√
21
60
chΓH
6
I
τ6
− 1 +
√
21
60
∞∑
n=2
c
(n)
h (ΓH
6
I )
n
nτ6n
,
log
b
bE
= −3
√
21− 7
70
log τ − 1 +
√
21
60
cgΓH
6
I
τ6
− 1 +
√
21
60
∞∑
n=2
c
(n)
g (ΓH6I )
n
nτ6n
. (88)
aE and bE are integral constants, which correspond to scale factors around τ = 2. The
behaviors of a(τ) and b(τ) depend on the coefficients c
(n)
h and c
(n)
g , so we will assume those
forms below.
The particle horizon
∫
dt
a(t) during the inflationary era is almost equal to that after the
radiation dominated era. From this, we obtain
∫ 2
1
aE
a(τ)
dτ =
∫ 2
1
dττ−
1+
√
21
10 exp
[1 +√21
60
{chΓH6I
τ6
+
∞∑
n=2
c
(n)
h (ΓH
6
I )
n
nτ6n
}]
(89)
∼ 9 +
√
21
6
2
9−
√
21
10 e
√
21−3
2
Ne .
The second line is obtained by using the eq. (13). This gives a relation between chΓH
6
I and
Ne if we know c
(n)
h . If we assume c
(n)
h =
(ch)
n
n! , the second line in the above converges for any
chΓH
6
I , and we obtain chΓH
6
I ∼ 8.5 for Ne = 69. On the other hand, if we assume c(n)h =
(ch)
n, the second line in the above converges for chΓH
6
I < 1, but we obtain chΓH
6
I ∼ 0.99
for Ne = −1.6. Therefore the inflation does not occur in this case.
Let us assume c
(n)
h =
(ch)
n
n! . Then the behaviors of the power spectrum (78) with chΓH
6
I =
8.5 and log kaEHI = −30, −20, −10 are plotted in fig. 3. (We take into account contributions
of 2 ≤ n for the evaluation of log(aH), but neglect those for the calculation of the power
spectrum.) The shapes of the plots change around the end of the inflation, aEHIη ∼ 1.72, but
are similar elsewhere. The behavior of the power spectrum at the horizon crossing k = aH
with chΓH
6
I = 8.5 is shown in fig. 4. If we fit the data between −38 < log kaEHI < −10 in
fig. 4, it is possible to draw a line log PA = −0.012 log kaEHI − 0.57, and the spectral index is
estimated as ns = 0.99. (However, contributions from 2 ≤ n are unknown.)
22
aEHIη
log PA
1.3 1.4 1.5 1.6 1.7 1.8
-14
-12
-10
-8
-6
-4
-2
Figure 3: Plot of the power spectrum with chΓH
6
I = 8.5. log
k
aEHI
= −30(blue), −20(orange),
−10(green).
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Figure 4: Plot of the power spectrum at k = aH with chΓH
6
I = 8.5. The line is given by
log PA = −0.011 log kaEHI − 0.57.
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